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1 Integration by Parts

Let’s start with an example where we’re asked to verify:
/:vem dx = ze® —e* 4+ C.

As you know, we basically just have to check that:

d
P (ze® —e® +C) = ze®.
Here goes:
d . . d . d . d
@(xe —-e"+0) = dx(xe) dx(6)+dx(c)
= (ze®+€%) — (") + (0)
= ze”

The main problem here is not the checking, but it is the actual process of finding the antideriva-
tive. So far we’ve only used one real method, that was u-substitution, and although it is an
important method it would fail miserably in this particular case. Another technique known as
integration by parts uses the product rule. As you recall, the product rule is:

d
— (wv) = v'v + u/,

dx

where u and v are functions of z and v« and v’ are the derivatives with respect to x. We can
rewrite this product rule as follows:

and then integrate both sides,

/uv/ dx:/dcl(uv) dx—/u’v dz.

Some may argue, rightfully so, that this is making our integrations more difficult, because now,
instead of one integral (left side) we now have two (right side). However it should be noted that:

d
/dx(uv) dz =uv + C.
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Furthermore, we can hold off on using the constant of integration until the end. That is, we
should only write down C when all integrations are done on the right side. So the method finally

looks like this:
/uv’ dr = uv — /u'v dx.

If we have a definite integral, the above becomes:

b b
/ w' do = uv]z —/ u'v dz.
a a

A simplification in both cases above is to recognize that v dx = dv and v’ do = du. Finally

we have for indefinite integrals:
/udv:uv—/vdu.

If we have a definite integral, the above becomes:

b b
/udvzuv]ﬁ—/ v du |

Let’s return to our first example. This time we are going to use the method described above to
find the antiderivative. Basically we need to find a v and a dv. As experience has shown me,
the inexperienced will have many choices to consider, but as you become more experienced your
choices will be reduced. And I generally believe too much choice is a recipe for disaster. Let’s
proceed with the following suggestions:

uU=2x and dv = €* dux,
where this easily leads to (forgetting about C),
du =dz and v=e".
Now, using these suggestions, lets try to rewrite our original example.
/xex de = $e$—/exdx
= xze —e"+C

It’s really not so bad, as long as you know where to start. And initially I’ll tell you where to
start, and with experience you’ll need to start yourself.

Example 1 Use v =z and dv = cosx dzx.

/:vcos:v dx
/lnm dz

Example 2 Use v = Inz and dv = dz.



Example 3 Use u = Inz and dv = 2% dx.

/.7561111‘ dx

Example 4 Use u = z? and dv = sin4z dx.

/x2 sin4x dx

Example 5 Use u = cosx and dv = cosz dz. You can also rewrite cos
which is much easier.
/ cos? z dx

Okay the last one is a bit tough, but you should at least be able to get here:

2z in terms of cos 2z,

/coszx dr = coszsinx + /sian dzx.
But then what? For a hint, let sin? z = 1 — cos? z. Taking the hints.
/COS2 rdr = coszsinx+ /sin2 z dz
= cosxsinz+/1—cos2m dz
= cos:vsinx+x—/0052xdx

2/cos2:1c dr = coszsinz+x+C

/Cos2xdm = —cosxs12n:1:+x+c

Now, as suggested in the beginning, try using a double angle formula instead.

2 1
/COSdex = /COS;J—F dx

sin2z «x
= —+C
4 + 2 +

- 2sinxcosx+§+0
- 4 2
_ cosm812nx+x+0

2 Additional Examples

1. Use integration by parts to verify.

/a:e_x dr=—ze ™ —e*+C



. Use integration by parts to verify.
/arcsin:c dor = zarcsinz + V1 — 22+ C

. Use u-substitution to verify.

/1 23 16 — 75
dz =
0 V4+x? 3

Now try integration by parts by letting u = 22 and dv = _r dx

V4 + 22

. Use integration by parts to verify.

2
/ 3 Inx d33:1r116—E
1 16



