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1 Trigonometric Substitutions, §7.3

In this section of the textbook we will be presented with difficult integrands that contain a
function of z that looks like:

vVa? — z2, vVa? + 22, x2 —a?|

In general we will be looking to make a substitution, but in these cases our substitution will be
another function with another parameter. To make our calculations simpler, we need to make
these new functions invertible, that is, they should be one-to-one. For example, here we’re using
a new invertible function g (#) to rewrite the integrand f (x):

[ @ o= [£0) g'6) .

which really looks like classic u-substitution, and it may even be referred to as inverse u-
substitution by some in the mathematical digerati. So let’s take a look at some examples, and 1
will divide it into three cases.

1. The integrand contains an expression of the form va? — 22, just use z = asinf. Now as
you already know, the sine function is not invertible, so we need to restrict the domain of
0 € [-7/2, 7/2], and will use 1 — sin? € = cos? 6 to help simplify the integral. It should
be noted that in general, v cos? 6 = |cos 6], but for the restricted domain of theta, we have

Vcos?2 0 = cos 6.

Example:

/dezs/mdm

Now let = = ?, then 3 dx = cos 6 d6.

* [1—sin?0
3/\/1/9—332 dz = / —g cosf do

1 *

= 3/ V1 —sin?6 cosf do
1 *

= 3/ Vcos26 cosf db
1 *

= 3/ cosf cosf db

= 1/ cos? 0 db
3
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Recalling the methods from the prior worksheet, we’re going to make use of,

COSs

2
to continue the process.

9 cos 20 + 1

)

1 [ 1 [ 20 +1
/ cos?f df = / CS2IF L 4
3 3 2
1 /sin20 0
3 ( T 2> e
sin260 0
= 1 Tt
Okay, I really hate to say it, but we need to return to original variable, z. Yikes!?
/mdx _ x\/12—9x2 n arcs(isn?)a? Lo

Give Mathematica a try and see how quickly it does this integral, and it is in full agreement

with our result!

. The integrand contains an expression of the form va? + 22, just use x = atanf. Now as

you already know, the tangent function is not invertible, so we need to restrict the domain
of 0 € (—m/2, 7/2), and will use 1+ tan?§ = sec? § to help simplify the integral. It should
be noted that in general, Vsec? § = |sec 6], but for the restricted domain of theta, we have

Vsec? ) = sech.

Example:

1
—d
/ x2Vr2 +4

Now let z = 2tan#, then dz = 2sec? 6 dé.

T

1
2sec? 6 do

4
[
)
|

1
— dz
/ 22?2+ 4

sec

tan2 6

cos

sin? 6

Oh, another substitution is in order.
1 [* cos6 1
i ae

sin? 6 4

2I'll do the trigonometry in class, it’s really not too bad.

4tan? #v4tan2 6 + 4
2sec? 0
8tan2 @ sec 6

dé

This time we will let v = sin 6, then du = cos 8 d#f.

/** i
uZ

1 k%

1 / w2 du

du




Again, I really hate to say it, but we need to return to original variable, z. Yikes!?

/ 1 q x? 44 Lo
- xrT=|——
x2Vx2 +4 4z

Give Mathematica a try and see how quickly it does this integral, and it is in full agreement
with our result!

3. The integrand contains an expression of the form vx2 — a2, just use x = asecf. Now as
you already know, the secant function is not invertible, so we need to restrict the domain
of § € [0, m/2)U[r, 3m/2), and will use tan?§ = sec? @ — 1 to help simplify the integral. It
should be noted that in general, vVtan? 6 = |tan 6|, but for the restricted domain of theta,
we have Vtan? 6 = tan 6.

Example:

2/3 1
/ 1 4
v2/3 £9V922% — 1

Now let 3x = secd, then 3 dz = secftanf db.

2/3 1 7/3 34
/ ———dx = / secftanf df
Vv2/3 /92?2 — 1 x/a sec®Bvsec?f — 1

w/3
= 81/ cost 0 do
w/4

Once again, recalling the methods from the prior worksheet, we’re going make use of,

cos20 +1

2
6 pu—
cos 5 ,

to continue the process.

/3 /3 2
81/ cos*0 df = 81/ (COSQM) do
w/4 w/4 2

_ 81/“/3008220—1—200526—1—1(19
/4 4
/3 c0s220  cos20 1
1 — dé
/7r/4 4 + 2 +4
_ 81/W/3COS49+1+C0820+1d0
/4 8 2 4
81 /”/3 cos46 cos20 3

° a9
s 8 T2 T3

Okay, now it can be evlauated!

81/”/3cos49+00529+3 g1 sin49+sin29+i9 /3
wi 8 2 8 32 T

w/4

567v/3  8lw 81

64 +32 4

3711 do the trigonometry in class, it’s really not too bad.



1.1 Examples

1. Integrate. / dx
(4 -

2. Integrate.* / V42 + 20 dz

1

3. Integrate. — dzx
s / x2vx2 -9

4You may find useful, a reduction formula:

m—2

tan x sec xr m-—2 _o
/secm r dr = + sec™ " x dz.

m—1 m—1




1.2 Solutions

$2

1. Integrate. /(4_$2)3/2 dx

Work: Let £ = 2sin6, then dz = 2cos 6 db.

22 22
(4 —22) <\/4—x2>
* 22
= / 4sin”6 3 2cosf do
(\/4 — 4sin? 9)

* 4sin’6
— /(281110)3 2cosf do
cos

* 4sin2 0
= —_— 2
/ Sco? 0 cos 6 do

* 8sin? 6
N / 8cos? 0 do
= / tan 6 do

Now what? Looks like we’re stuck? No, not yet!

/tan20d0 = /86029—1d0

= tanf -0 +C

Now, of course, we will need to return the original variable x.

T T aeinfic
(4 B x2)3/2 xr = m arcsin 9

Mathematica produces the same result.

2. Integrate. /\/ 422 + 20 dz

Work: Let’s start. We're letting x = V5 tan 0, then dx = V5sec? 0 do
/\/m de = 2/ \/m dx
= 2/*mﬁse020d0
= 2/*\/m\/58ec29 de
= 10 /* sec® 0 df

Now using the reduction formula with m = 3 we get:

10/ sec 0 df = 10 (tanH;eCG_i_;/ sec d9> :5tanesecé?+5/ secf d6.

5



I hope you at least recognize the remaining integral.
Stanfsec + 51n[secd + tan | + C.

Now we must return to the original variable.

VZZ +
/\/4932+20d93— zVz2+5+5In Aot +C
\/5
3. Integrate.
s /:L“Z\/ac2
Work: Here I am using z = 3secf, then do = 3secftanf df.
/1 dx = /* ! 3secHtand do
z2v/x2 -9 9sec? 0v/9sec? —9

1 /* sec 0 tan 0
9 sec? 0tan 6

= ;/ cos @ do

1
= §Sln0+0

Returning to the original variable.

/1d _| V229
x2vx2 —9 v 9z




