Calculus II Essex County College Sakai Web Project
MTH-122 Division of Mathematics Practice Exam #3

Name:

Signature:

Show all work clearly and in order, and box your final answers. Justify your
answers whenever possible. You have 80 minutes to take this 100 point exam.

1. |10 points | Use a known series to evaluate
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2. The generalized Binomial Theorem was discovered by Isaac Newton around 1665,
and you probably learned the Binomial Theorem in pre-calculus. It was probably
introduced as an expansion of (a + b)".

(a+b)" = a" 4 k1a" b + koa" 20 + ksa" 0% + -+ + k00?02 4 ky_yab™ "t 40"

The pattern should be easy to follow, but the constants k; are in fact difficult to compute.
After some thought though, most students can figure out that these coefficients form a
pattern for n € Z*. As you may recall, the coefficients of the binomial expansion can
be computed using this formula:

n n!
= ()=

where n represents the degree (row in Pascal’s Triangle) and r represents the position
starting with 0 and ending with n in each expansion.

The generalized Binomial Theorem does not limit the power to being an integer
though. We will be using the Taylor series to develop the generalized Binomial
Theorem which states for any exponent a € R, integer n > 0, and |z| < 1:

o ala—1 ala—1)(a—2) .
1+x)"'=14axr+ (2' )IL’2+ ( 3)'< >$3+...+<Z>$”+...
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Here we need to define the binomial coefficient

<a>:a(a—1)(a—2)---(a—n+1)

n n!

For example

(4/3):4/3~(4/3—1)(4/3—2) 4
3

3! 81

So now, with what you know about Taylor series, try to develop the generalized Bi-

nomial Theorem.

(a) Repeatedly take derivatives of
fz) =01+,

and try to find a simple pattern for the n'® derivative.

Solution:
flz) = Q+2)°
fll@) = a(l+a)"
f(z) = a(a—1)(1+2)"?
f/// (I) a (a — 1) (CL — 2) (1 + I)a—?,
f™((z) = lala—1)(@—2)---(a—n+1)(1+2z)*"

(b) |10 points| Now we need to evaluate these derivatives at x = 0, and derive the

Taylor series using this information.

Solution:
fO) =1
70 =
£1(0) = a(a—1)
f7(0) = a(a—1)(a—2)

f(")(O) = ala—1)(a—2)---(a—n+1)

So the general coefficient of the Taylor series is

f™0) a(@a-1(a—2)---(a—n+1)

n! n!
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The result being;:

—1 —1 —2
1+2) = 1+ax+mx2+a(a ) (a )x3+---+ R E A
2! 3! n
. £ (o
n=0 :

3. Given

and the following graph.

-
o
-

Y

xandle.

Figure 1: Partial graph of y =

-
(a) Why is this an improper integral?
Solution: |At z = 1 it is undefined. |
(b) Show that
I+z 14z
-z  /1—22
it 1<z <1
Solution:

\/1+x Vitz 1+z
-2z itz +1-22
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Or, if you prefer.

1+x B 1+ 2 B 1+
Vi-22  JA+o@-z Vli-z

©

1—i—:z:_ 14+ 1 T

= = + ,
-z V1—-22 V1—-22 1—2a?2

1+«
\/ dz.
/ 1—x o

to evaluate

Solution:

1+z

/ 1—|—a:d ke
11—z . V1 — 2 .

1 T
- —— dx
/\/1—:1:2 /\/1—:102
= |arcsinz — V1 —z24+C

1
/1
/ T dzx.
4 V1—2x
Solution:
a 1 a
lim \/ Lk dr = lim (a,rcsinx —V1-— x2>]
am1-J  V1—2x a—1- -1

= lim [arcsina —V1-— aﬂ — arcsin (—1)

a—1—

dx +

(d) Evaluate

= arcsin 1 — arcsin (—1)

- -()-m

4. (a) |10 points| Use differentiation of a known power series to find the power series
representation for

What is the radius of convergence?

Page 4 of 9



Calculus II Essex County College Sakai Web Project
MTH-122 Division of Mathematics Practice Exam #3

Solution: You should note that we’ll be using

1

=14z+z®+...,
Il —

to start this problem off. A bit tricky, but here goes .. ..

= _dix [1—x+x2—x3—|—---}

= 1-22+32>—42° +- ..
= Y (-0 m+1)e”

n=0

You can use the Ratio Test to show that the ‘radius of convergence is R =1

By the way, the interval of convergence is (—1, 1).

(b) |10 points| Use part (a) to find a power series for

What is the radius of convergence?

Solution:
1 d 1
€T) = = —— 0 ——
/(@) (1+z)* 2 dz {(1+x)2}

1 d |

= —=.— —1)" 1) 2"
= — [Z( HCEE

1 .d ) 5

= 3% [1—23:—1—3:6 —4x° + ]

= 1—3z+6x>— 1023 +---

_ i(—1>”<n+1)(n+2>xn

B 2
n=0

You can use the Ratio Test to show that the ’radius of convergence is R =1
By the way, the interval of convergence is (—1, 1).
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(c) Use part (b) to find a power series for
2
x
€Tr) =

What is the radius of convergence?
Solution:
= (-1)" 1 2
f@ = Zy = 2 St DD,
= xZ[ —3x+6x2—109£3+~--]
[$2 — 332 4 6zt — 10x5+---]

2 (=) (n+1)(n+ 2>x”+2
2

o

n=0

You can use the Ratio Test to show that the ’radius of convergence is R =1
By the way, the interval of convergence is (—1, 1).

5. Given that the function

is a solution to the differential equation

f(@) + f(x)=0.

Answer the following questions.

(2) [10 points| Find ' (z).

Solution:

<~  (2n)!
2 4
f@):l—%+%—
3 5
Pl = - S = o4
N N

Page 6 of 9



Calculus II Essex County College Sakai Web Project
MTH-122 Division of Mathematics Practice Exam #3

(b) Find f” ().

Solution:

< (2n—1)!
f(z) = — +§—T—Z—?+
0 n+l _on
f'(@) = ;( ) :

(c) |10 points | Expand both f and f” and then substitute into the differential equation
f"(x) + f (z) =0,

to verify that it is a solution.

Solution:

< e S (1)
0= > +
—~  (2n)! = (2n)!
2 xt x?
0 = <_1+§_I+”')+(1_§+I_”')
0 = 0

6. |10 points| Find the radius of convergence and the interval of convergence for the fol-

lowing power series:

Solution: Using the Ratio Test, we have

i 12— i (n+ 1)l 1-3-5----- (2n —1)
n—oo | a, n—oo|1-3-5--.-. (2n—1)-(2n+1) M
= lim (n+l)e
n—oo | (2n + 1)
_ il
2
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So by the Ratio Test, the series converges for |z| < 2, so the ’ radius of convergence is 2 ‘
To find the interval of convergence we need to test the endpoints £2. When x = 2 we
get

nl2n
1-3.5-7-----(2n—1)
1-2:3-4-ven.p.2n

a, =

OO0 06

I think it is obvious that a,, > 1 for all n. Now if we were to use £ = —2 we can still
state that |a,| > 1 for all n. So we have

lim |a,| # 0,

and using the Test for Divergence we can state that the series diverges for © = +2,

so the |interval of convergence is (=2, 2) |.

7. Given that
1 2 1

@) =a—a-o " 1- 1-7

Try to find a power series for f (x) and its interval of convergence.

Solution: You should note that we’ll be using
1

=l4+z+z>+--,
1—=z
and
2 :2[—1 } = 2[1+2z+42 +82° + -+ (22)" + - -]
1 -2z 1—(2xz)
= 2442+ 82> + 1623 +--- +2(22)" + - --
SO
2 1 [2+4z +82° +162° +---+2(22)" + -] = [l+z+2°+--]
1—-2x 1-—=z
= 143c+72°+ 152+ -+ (2" = 1) 2" + -+
= (2"t —1) 2"
n=0
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Using the Ratio Test the interval of convergence is (—1/2, 1/2).

8. |10 points| Euler’s identity is helpful when dealing with complex numbers, it states
that for any real number 6, '
¢ = cos +isinb.
You should know from basic algebra how to raise i (where v/—1 = i) to a natural number

power. Here’s a short list:

=1, ==, it=1 =i *=—1, " =—i,....

22 Y )
Let’s use our series expansion for e”, but this time let’s replace x by if and see if you
can get Euler’s identity by doing this. Use this identity to find out a simple form (it’s

a very simple and important number) for .

Solution:
0> 03 0
9 f— — — — — .« . o
e —1+9+2!+3!+4!+5!+
N2 .3 4 -\ D
0 L, @0 @0)”  (0)" | (if)
e’ = 1440+ 51 + i + 1 + =] +
) 0> 6 6+ 6
= 14l =—==d—=F —i= 0o

2! 3! 4l 5!

0> 6+ 4° B e 9
= <1-— ET‘+'ZT‘— 6T-¥"') +1 (9-—Zzﬁ-+-gﬁ —'?T—F"‘)

= cosf +sinf

Using Euler’s identity with § = 7 we get:

i

e = coST+sinT
e” = —14+1i-0
¢ = =1

This, of course leads to a very important relationship between 7, 1, 0, e and ¢, namely

[F+1=0)

These five numbers are often referred to as the five most important numbers in mathe-
matics. [Hate to sound biased, but these numbers are really in a class by themselves. In
a way, numbers are polytheistic, and these five numbers stand equally above all others.|
When I travel I almost always visit cultural centers where people are asked to leave
a comment in a guest book, and I often leave e/™ + 1 = 0 because those symbols are
universally understood by educated people. Once I saw it crossed off (with a comment
stating that it was not true), I guess because it offended someone. Anyway, I just
might start leaving 1 = 0.999 which probably appears equally offensive—I know it once
offended me when I first saw calculus.
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