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1 Complex Numbers

Attached to this short introduction is a rather lengthy explanation of why complex numbers
are so important. Fact is, you were probably told that the unit imaginary number is necessary
mainly because we need them to solve some quadratic equations. However, the fact remains that
their rise to importance is really not due to quadratics but more to do with an Italian named
Gerolamo Cardano, and he is remembered here because he showed that complex numbers were
absolutely necessary in solving a certain cubic equation.

As I hope you recall the unit imaginary is denoted by i, where
1=+v-1.

You should further recall that a complex number is written as a linear combination of a real
and imaginary part, and is usually denoted by the letter z, where

z=a+ bi.

We're are going to visualize these complex numbers as an ordered pair (a, b). Here a is the
position along the real axis (similar to the z-axis) and b is the position along the imaginary axis
(similar to the y-axis).

Here if we visualize the point (a, b), we can easily find many relationships to trigonometry and
geometry. For example, in class we will illustrate the following relationships.

1. The modulus (or absolute value) of the complex number z = a + bi is
|2 = Va2 + b2

2. The complex number z = a + bi has a trigonometric form (or polar form)
z =r(cosf + isinf)

where r = |z| = Va? 4+ b? and tanf = b/a. The number r is the modulus of z, and 0 is

an argument of z.
3. If two complex number z; and zo have polar forms
z1 =11 (cosf +isin€y) and 29 =1y (cosfa + isinby)
then
z1z9 = rira[cos (01 + 02) + isin (61 + 62)] multiplication

j—l = % [cos (01 — 02) +isin (01 — 02)], z2 #0 division
2 2

!This document was prepared by Ron Bannon using WTEX 2¢.



Let’s take some examples.

1. Find the modulus of the complex number 3 + 4.

2. Find the modulus of the complex number 8 — 5i.

3. Write the given complex number in trigonometric form.

141

4. Write the given complex number in trigonometric form.

—4+/3 — 4i
5. Write the given trigonometric form of a complex number in the form a + bi.

9 2 Lisi 2T
COS — + i sin —
3 3

6. Write the given trigonometric form of a complex number in the form a + bi.

4 4
5 [cos <arctan 3) + 7 sin <arctan 3)}



7. Let

2( 7T+"7T) d 5( 77+"7r)
zZ1 = COS — 7811 — al zZ9 = COS — 781N —
L 1 4 2 3 3/

find both 2329 and 21 /2.

8. Repeat the last problem using the form a + bi and verify that it is the same.

9. Optional: Read the article that follows. It’s not easy, but you may learn why complex
numbers proved unavoidable, and it has nothing to do with quadratics.

2 DeMoivre’s Theorem

If we were to take our multiplication rule, where z; = 2o = 2z, we would get:
zz = rricos(0+6)+isin(6+0)];
22 = 1%[cos26 +isin20)].
Of course if we keep repeating this n times for the same z we would get:
2" =" [cosnby + isinnb].

Basically DeMoivre’s Theorem tells us that to take the n*® of any complex number, we take the
n'™® power of the modulus and multiple the argument by n.

In MTH-100 you were asked to raise complex numbers to integral powers, and this was generally
easy to do if the powers were small. For example:

(24+30)° =44+12i + 9> =4+ 12 — 9 = —5 + 12i.



However, suppose you were asked to do

1 1\
i) 2
<2+2z> [

Multiplying this out, even if you are familiar with expanding binomials, would be difficult for

most students. Using DeMoivre’s Theorem makes it a lot simpler. First write in polar form
1 n 1. 1 ( T Lisi 77)
— 4+ —i=—(cos — +isin —
2 2 V2 4 4)"

1+1,10 1\" 10r . 107
— — = — COS — S — ] .
2 79 /2 4 Ty

If you simplify you’ll find:

1+1_10 1 57r+,,57r 1.
— —1 = — COS — 781N — = —1.
22 32 2 2 32

We can extend this to take n'"' roots of a complex number by letting w = {/z or w" = z. To
find the n' root of z, we basically need to find a complex number w such that w™ = z. If

then we have

z=r(cosf +isinf),

then p p
w = {‘/f(cos—kz’sin)

n n

However, you may have noticed that the argument 6 can be replaced by any 6 + 27k, k € Z. So
we have

0+ 2rk 0+ 2nk
w = %(COS +em + % sin tem )
where k=0, 1,2, ... n— 1.
As an example, let’s find the six sixth roots of z = —64. Here’s the steps:

1. Write the polar form of z.
z =64 (cosm +isinm)

6 T+ 2rk .. w+ 27k
wg = V64 COST—FzsmT

2. Use the formula.

3. Now compute.

wo = V64 (cos% +isin%) —V3+i

wp = 664

wy = V64

wy = V64

ws = V64



If were dealing with real numbers, the solution to
2% +64=0

would be the empty set. However, if you dealing with complex number the solution to this same
equation would be

{\/§+2’, 2%, —\3+i, —/3—i, —2, \/§—i}.
This is exactly what we learned in MTH-119 (there’s six roots).

Now for some examples to work on.

1. Find the three cube roots of z = 2 + 21.

2. Verify using polar form that 7 is 1.

3. Find the three cube roots of 1.

4. Solve for x, where x is complex.

(a) 2°—1=0

(b) 2 +81 =0



(c) 2 +V3+i=0

3 The Cubic and Its Lost Role in Education ...

I think it would be an utter and complete surprise to my high-school teachers that I actually
became a teacher, and even more disturbing to them would be the fact that I'm a mathematics
teacher. For one, I am incredibly shy and was just an average student in mathematics, but more
important is that when I left high-school I followed a more artistic path that was devoid of rigor,
mathematical or otherwise. Time has a meandering way of making the impossible happen and
I eventually found my way—pure accident—into a teaching job? where I was confronted with
the responsibility of judging the mathematical mettle of those under my charge. Well, I've been
teaching now, almost continuously since 1988 and will continue teaching for as long as I can, or
until the ‘they’ in administration push me out. My meandering path has become more settled,
but I nonetheless try to look beyond what I teach to see if I can do better, and so this short
paper is about doing better as a teacher.

My preparation to teach mathematics was not thorough and although I have extensive academic
experience, [ am not a mathematician by any standard. However, I can certainly recall much of
the basics that I've learned from the introductory mathematics books that I’ve read, and more
importantly the tidbits of advice that my better educated mathematics teachers shared with me.
One teacher in particular was a well-educated PhD from Columbia University that lamented the
fact that the solutions to cubics are no longer being taught. That tidbit has stayed with me for
more than I care to remember, and I doubt he’d want to be remembered for that alone, but it
those events in my education that weren’t necessarily planned that remain with me long after
I've forgotten the more arcane details. To be frank, this man had many unusual characteristics
that left an indelible mark in my mind—many of which had nothing to do with mathematics,
but rather to what he’d referred to as being educated. We, the students that is, sat quietly and
were constantly hoping that he wouldn’t ask about all the minutia that was being presented;
but we were nonetheless in awe of this man’s ability to know the grand mathematical picture

. at least I believed his peculiar nature somehow entitled him increased intellectual reverence.

As a teacher I tend to repeat what I've heard as a student, and this particular teacher has
provided much fodder for later regurgitation. For example, when I teach precalculus, we are
required to teach factoring of polynomials whose degree is greater that two, hence cubics—I
then tell my students that although we have a formula for quadratics, one also exists for cubics,
but is no longer taught. Basically we use the rational root theorem and long division to break
the polynomial into more manageable pieces. Linear factors are certainly the goal, but we feed
students polynomials that routinely reduce to very mice linear factors. In all, our examples
where the degree is greater than two would always have enough rational roots to reduce the

2Rutgers University was my first chance at teaching.



polynomial to at most degree two. The degree two polynomials don’t necessarily have to have
nice roots, because they have an easily derivable quadratic formula to massage those nasty ones
out.

So one day, in my introductory calculus class, I inadvertently was presented a cubic that did not
have rational roots. Here I asked the students to find the real root of a cubic mainly because
we needed the real root in order to analyze the derivative. Here goes, we found

f’(x):x3+6x—2,

so we then proceeded to look for rational roots. Of course we knew what to test, but much to
my chagrin, we were unable to find one. So, I took it as a teaching opportunity and told my
students the story about my teacher—the PhD from Columbia University that lamented the
loss of solutions to cubics in the curriculum—and then told them to solve the problem using
Mathematica, or whatever technique worked for them. Here’s what some? gave back to me,

x =~ 0.327480002073,

which was really more than good enough for what we were doing. They obtained this answer on a
calculator, either by graphing the function and looking for the roots, or by using the calculator’s
solve function. However others went on to find exact answers® and reported back to me

1—4v3 141iv3 1—4/3 144V3
x:-%-’-%, r = 31[4_ +31f, v — SZ\/>_ —f—SZ\/>7
V2 V4 V4 V2
after feeding Mathematica the equation. The solutions that involved imaginary numbers were

summarily dismissed as being unnecessary because we’re only working with real numbers—as
our calculus curriculum demands.

Another student—not an overly bright or motivated one for that matter—did an Internet search
on solving cubics and came across Cardano’s® method. I was so impressed that I published a
doctored picture of Einstein (Figure 1) facetiously complementing® the student, many of the
students were besmirched because this particular student was not the brightest amongst them,
but he did what others did not: he investigated another option, a difficult one at that. However,
I again was reminded about my teacher who lamented our inability to solve cubics, and that now
might be the time to make sense of it all. Not the recipe, but the actual discovery. Although this
is not a rigorous historical treatment of what Cardano et. al. did, I think it’s at least a possible
path, albeit one that I can follow as being reasonable, and easy to follow for my students that
express interest.

I can’t help but think that the author of the original calculus problem had an ulterior motive.
Especially since the root of the derivative was clearly of the form”

23 = 3pz + 24,

3Not all students solved the problem, and those that do will often share their results with those who cannot,
or will not do the work.

4A peculiar bias I have that’s mainly a result of my mathematics teachers insistence on not using them.

®Gerolamo Cardano (1501-1576) is credited with this method, but it is really a result of a hint provided by
Niccolo Tartaglia, but I’'m sure that path extends ad infinitum. Interested students should be referred to Stillwell’s
Mathematics and Its History for a more accurate history.

51t reads, “Gerges Shehata has done it again! If 3 4+ 6z — 2 = 0, then the real solution is © = /4 — /2 ... Pure
genius!”

"Often referred to as the depressed cubic, or del Farro’s cubic equation.
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Oh well! Looks
GECETIN  like one of our
classmates

Gerses Shehata has don
I X D46x-29,

R f_hen ‘ike fedl siution ;5 actually went

| < (223 - (2)"1/3) ahead and

Puce senja: 3 solved the

cubic and got
an exact
answer. He
used a method
that is no
longer taught,
and I can
recall my
calculus teacher telling the tale of the method. Anyway, most
people now don't bother teaching solution methods for cubic
equations, and spend far more time on solving the simpler
quadratics. History, if anything, is littered with unused numerical
methods and many are only known to a few. For those using
Mathen , your answer should be the same, but will include
two complex roots.

Figure 1: Detail from my class web page.

with p = —2 and ¢ = 1, and the solution is visually represented by the intersection of a line
(y = 3px + 2¢) and a simple cubic (y = 23). In Cardano’s Ars Magna,® it was shown to have a

solution
3
a::\/q-i- Z-p -I—\/q— V& -3,

and this will be clearly shown in the next section. This is exactly how my student found his
exact real answer, he just plugged the p and ¢ in as follows:

s= {1+ VTF8+ {1-VIT8=Vi- V2

All is well!

Maybe not, because there’s something inherently wrong here, a fact that this particular example
escaped. First it is clear to most pre-calculus students that a simple cubic and any line must
intersect? at a real number, but what if ¢> < p?, then we’ll have a very strange answer indeed!
The answer must be real—the point(s) can be clearly seen by all'>—but what in God’s name is
this number?

4 Bombelli’s Choice

s 11

As an example let’s take Bombelli’s'* paradoxical choice

3 =15z +4,

8In Tristan Needham’s Visual Complex Analysis it is stressed that this is the birthplace of complex numbers.
This story has been told by many others, but I am mainly relying on Needham’s version to retell this tale as if I
were telling my students.

9At least once, but at most three times.

10This is not true of the quadratics, which is a more often used example of why complex numbers are needed.

"' Rafael Bombelli (1526-1572) is credited with making sense of Cardano’s formula.



Figure 2: The graph of y = 2% and y = 15z + 4

which has one very simple answer, that can be obtained by inspection, namely that x = 4. With
today’s calculators we could actually just take a look at graph and quickly glean from the graph
that we have three real roots, with the 4 clearly hitting us, but the other two may not be so
clear, but we could easily find the other two as follows,

23— 15x — 4

=2+ 4+ 1.
xr—4

Now, using the quadratic formula on the quotient, we have

24dr+1=0 = z=-2+3.

However, using Cardano’s formula yields an oddity, in Bombelli’s paradoxical choice where p = 5
and ¢ = 2. Again just plugging it in yields'?

z = {’/2+\/4—125+ §/2—\/4—125:\3/2+11¢+{°72—11i.

All is not well! And Bombelli clearly knew this, and he set out to torture this beast to produce
4, that is to show,

4=2+11i+ v/2 — 11i.
Where he’d eventually let
V2+11i=2+i and v2—-11i=2—1,

just simply adding those together would, as expected, yield 4, that of course means that cubing
2 4 ¢ should yield 2 4+ 114, and it does.

(24i0)® =2+£113

12This notation is modern, and was not used by Bombelli.



After observing this little trick (I did it myself!3) T bet a really motivated student could find
these as well,

V3 V13 -4V3 V3 13— 43
rF1li=—1-Y2 4 V2 VY and Y2 1li=-—1-— Y2 _ V2 7VY
+ il 5 T 2 2 2

finally,

RoET V3 V13+4V3. YT — —1+— \/13+4

+11=—1+—— i and

Thus we have a perfectly real problem that is demanding us to use complex numbers to solve
it. Certainly a mathematical epiphany for Bombelli, and really makes more sense as to why
we need complex numbers to solve problems. However, in my experience it seems that the the
complex story started with quadratics, but that just doesn’t make any sense after reading about
Bombelli’s work.

From Nahin’s book,' he writes:

When the imaginary number /—1 is first introduced to high school students it is
common to read something like the following (which, actually, I've taken from a
college textbook!'®): “The real equation 2+ 1 = 0 led to the invention of i (and also
—1) in the first place. That was declared to be the solution and the case was closed.”
Well, this is simple to read and easy to remember but, as you now know, it is also not
true. When the early mathematicians ran into 22 4+ 1 = 0 and other such quadratics
they simply shut their eyes and called them “impossible.” They certainly did not
invent a solution for them. The breakthrough for v/—1 came not from quadratic
equations, but rather from cubics which clearly had real solutions but for which the
Cardan formula produced formal answers with imaginary components.

Examples abound and they must have been perplexing, especially in Bombelli’s example where
it is clear that three solutions exists. What is most impressive here is that this very strange
expression,

V24 11i + v/2 — 114,

actually produces three (easily seen and verified) real numbers,

{—2—\/5, —2 4+ /3, 4}_

5 Here Goes . .

The most general third degree polynomial will be of the form

f(z)=ao+ a1z + asx?® + asz?,

13Looking for a + bi, we know what the a is, so we just need to solve for the b.
1 An Imaginary Tale.
15Gilbert Strang, Introduction to Applied Mathematics, Wellesley-Cambridge Press 1986, p. 330.

10



where a3 # 0. Since we're just looking for the roots, we can rewrite f (z) = 0, and then divide
through by ag, as follows:

= ao+tax+ a2x2 + a3x3
ap | a1 a3 as
0 = —+—a+—2>+—2°
az as as as
To simplify the coeflicients let
aq al a9
—=C, — =B, and — =A,
as as ag

giving a form
0=2"+ Az* + Bz + C.

Certainly, the roots of f (x) will be the same roots as 2% + Az? + Bz + C. So let
g(z) =2°+ Az’ + Bz + C.

The second derivative is a linear function (¢” () = 6x + 2A) giving a a clear point of infection
at x = —A/3 on the graph of g (x). Using standard translation, I'd like to pull this point of
inflection A/3 units to the right, that is

(o) (4 ) ol ) e

Which, when expanded will yield

AN sy 3B — A? N 24° —9AB
AT A 3 )7 27 '

As before, we need to simplify the coefficients, as follows

3B — A2 243 —9AB
= ~ —p, and TF— T =
3 27

¢,

giving a form
0=2%4bx +e

This, of course, wasn’t by accident, and one just needs to look at what Cardano knew, especially
the work of del Ferro and Tartaglia. Here, the important point is that we can rewrite any third
degree polynomial into this form, and this is where I believe Cardano’s genius started.

6 Solving 23 = 3px + 2¢

God only knows how much effort goes into solving problems that may seem pointless to almost
everyone. I've been accused of giving my students extra credit problems that require a level of
pointless perseverance that is rarely expected by other teachers. I mainly do this to encourage my
students to think, become frustrated, and to think again and again. The hope is that eventually
they will stumble upon the answer, in Edison’s words “I am not discouraged, because every
wrong attempt discarded is another step forward.” As a teacher in an intellectually poor urban
environment, I know all too well that many don’t even try because each step taken results in
incresing frustration. I cannot help but praise Edison for seeing that effort, in itself, is sufficient

11



reason to proceed forward and is really independent of our eventual success. Also, success can
only be really enjoyed if we put effort into what we do—that is, we need to work at it. In this
light, Cardano must have discarded an awful lot of work (pointless effort?) before stumbling
upon some form of the following work.'6

Using « = s + t and then substituting into 2% = 3pz + 2g, yields
3

z© = 3px+2q
(s+8)° = 3p(s+t)+2¢
3+ 352t +3st2 +t3 = 3ps+3pt +2q
Now if st = p and s + 3 = 2¢ we have
$3 4+ 3%+ 3st? + 13 = 3ps + Ipt + 2q

(s +1%) +3s(st) +3(st)t+ = 3ps+3pt+2qg
29+ 3ps+3pt = 3ps—+3pt+ 2

Now eliminate ¢ between st = p and s3 4 > = 2¢, by letting t = p/s from the first equation,
then substituting it into the second.

3
S+13=2 = 53+<B) =2¢ = $S+p°=25% = L-28+p°=0
S

Now, using the quadratic formula to solve
2
283+ pP=0 = (33) —2q (53) +p° =0,

where

2 _ 3
$= MEVILZ s
s=Va—VE-p3 or s=1qg+ - pd

We're getting close! Now use these solutions in s3 + t3 = 2¢ to solve for ¢3, as follows

S +t0 =29 = (qi\/q2—p3)+t3:2q ' =q+ ¢ —p?
So we know have
t=\q—V@—p> or t=\lg+ @1,

however, we must have s3 + t3 = 2¢, and the only way for this to occur is if we take

S=qg—v@—-p3 and =g+ ¢>—p3

or, equivalently, we could also get

s =q+V@—p> and 3 =q— /¢ —pd.

So, no matter how we do it, we’ll finally have

r=s+i= f/q+vg2*p3+ l\i/qfx/q27p3.

This, of course, is exactly what we were aiming for.

So we have

167m really not sure how Cardano proceeded, and I’ve seen variations, but I think this is a reasonably approach

which is outlined in the exercises (page 45) of Needham’s Visual Complex Analysis.

12



7 Closing Statement

As a teacher, I believe we are routinely confronted by students who have no desire to wade trough
the tedium of mathematical manipulation. I know, from experience, that the work presented in
this paper would kill off 99% of my students, that is to be understood. The point of this paper
being, is that I don’t lament that Cardano’s method has been lost in our educational structure,
but that we’ve lost the surprise that Bombelli experienced, and math teachers have succumbed
to becoming revisionist historians by presenting quadratics as the root cause for extending the
real number system.

If T were presenting the techniques presented in this short paper to students, I would also
emphasize using them. So in that light, I have prepared the following examples that some
students should be able to do at this point. However, for practical purposes, I'd strongly suggest
that these techniques only be employed if a rational root does not exists. Again, the main point
of this paper was to emphasize Bombelli’s observation and acceptance that

2110+ V2 — 114

isn’t so strange after all. And I think it’s safe to say that complex numbers are still being ignored
today in our curriculum, but that the practical fields of physics and electrical engineering have
embraced them because they make their work easier.

1. Find one root using the technique described in this paper. The numbers will be difficult,
and a calculator will help greatly.

f(x)= (22 —1) 3z +2) (5 — 4) = 302> — 192 — 14z + 8.

Work: Clearly we know the roots are

but we need to use the techniques used in this paper. So, set f () = 0 and divide both
sides of the equation by 30.

0 = 302° —192% — 142 + 8
= x3—gx2—1x+i
- 30 15 15

Certainly both of these equations have the same solution. Now let
19 7 4
— 3 222 -
9@ =T T T 5 I

and find the x-coordinate of inflection point by setting ¢” () = 0.

19 19
" =6rxr—— =0 =
g" () T Ip = %
Now find
al:—i—B = x—i—g 3—§ x—i—g 2—1 x—l—g —l—i
g 90 N 90 30 90 15 90 15

25 162133 n 54431
2700 364500

13



Now rewrite this equation in the form x® = 3pz + 2q.

3 1621 54431

~9700% T 364500
5 1621 54431

x® = x —
2700~ 364500
1621 54431
3 f— - —_— . J—
= 3 gt T2 ( 729000)

Using the values of p and ¢ in the following formula yields three answers, but just consid-
ering the principle roots, we havel”

3 3
T = \/q+ q2—p3+\/q—Vq2—p3

i/_’54431 LTIV, ] 3L TTV3,
729000 2700 729000 2700

53

90

xT

Now we finally have at least one answer

5,19 _[1

90 90 |5[
resulting in a factor of (5x —4), which can then be used as a divisor of f (z) yielding a
factorable quotient 622 +x — 2 = (2x — 1) (3z + 2), thus the other two expected roots,

{—2/3, 1/2}.
2. Perform the indicated long division.

23 — (1621/2700) = + 54431/364500
x —53/90

Work: Clearly tedious work!

23 — (1621/2700)  + 54431/364500 | , 2385 1027
=|x - —
z — 53/90 4050° 4050

3. Find the roots of the quotient in the prior example by using the quadratic formula.

Work: Clearly tedious work again!

2385 1027 13 79

O=a’+——r—-— = |z= =
Tt 050" T 1050 T 90

"My calculator actually yielded 0.588 which is easily rewritten.

14



4. Use the prior example to find the remaining'® roots of

f(z)=(2z—1)3z+2)(5z —4) = 302> — 192% — 14z + 8.

Work: If you got this far, this should be easy!

13 19 1 79 19 2

T e |z] YT o090 |3

5. Find the three roots of

Work: This method is taught in pre-calculus.

2k = Y V34+i=V2- |:COS(7[-/3—'_27TI€>+1'SH]<M>:|7 k=0,1,2.

3 3
If k=0,
zO:%-[cosg+isin%};
if k=1,
7 7
21:\3/5- cosf7T4—z's.in—7r ;
9 9
and if k = 2,
1 1
21:\3@- cosﬁ—l—isimﬁ .
9 9
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18We already have root 4/5.
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